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Efficient Mode-Based Computational Approach for Jointed
Structures: Joint Interface Modes
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The mechanical response of complex elastic structures that are assembled of substructures is significantly
influenced by joints such as bolted joints, spot-welded seams, adhesive-glued joints, and others. In this respect,
computational techniques, which are based on the direct finite element method or on classical modal reduction
procedures, unfortunately show an inefficient balance between computation time and accuracy. In the present paper,
a novel reduction method for the physical (nodal) joint interface degrees of freedom is presented, which we call joint
interface modes. For the computation of the joint interface modes, Newton’s third law (principle of equivalence of
forces) across the joint is explicitly accounted for the mode generation. This leads to a dimension of the generalized
joint interface degrees of freedom in the reduced system, which is a factor of 2 or more smaller than in conventional
reduction methods, which do not consider Newton’s third law. Two different approaches for the computation of the
joint interface modes are presented. Numerical studies with bolted joints of different complexities are performed
using a simple but representative constitutive joint model. It is demonstrated that the new joint-interface-mode
formulation leads to both excellent accuracy and high computational efficiency.
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vector of physical forces

transformation matrices

transformation matrices

identity matrix

stiffness matrix
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total number of degrees of freedom
number of boundary degrees of freedom
number of modes

number of inner degrees of freedom
number of inner degrees of freedom without joint
degrees of freedom

number of joint degrees of freedom
number of considered modes

index of the vector norm

rotation matrix
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surface force

= vector of displacements in physical coordinates (for
example, finite element degrees of freedom)

= relative error

vector of relative displacements

vector of stresses (e.g., von Mises)

matrix of modes (modal transformation matrix)

trial vector (commonly called mode)

= diagonal matrix of eigenvalues
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Subscripts

B = boundary degrees of freedom

1 = inner degrees of freedom

o = joint interface degrees of freedom

Ny inner degrees of freedom without joint interface
degrees of freedom

i = index of the joint surface

i = index of the finite element body

red = quantity in the reduced system

trans = transformed into modal space

Superscripts

o = quantity expressed in the joint coordinate system

LBRF = quantity expressed in the local-body reference frame

m = mode-based solution

r = reference solution

red = quantity in the reduced system

SFRF = quantity expressed in the space-fixed reference frame

T = transpose of a matrix

-1 = inverse of a matrix

* = unstressed reference position

* = full matrix of modes (full solution of according

eigenvalue problem)

1. Introduction

HE global stiffness and damping properties of a metallic

structure that consists of jointed substructures are strongly
influenced by the local characteristics of the involved joints such as
bolted joints, spot-welded seams, adhesive-glued joints, and others.
The global stiffness and damping depend nonlinearly on the joint
pressure distribution, and the latter depends nonlinearly on the
system state. The global damping that is introduced by joints of this
kind is usually higher than a factor of 10 in comparison with material
damping. In addition to stiffness and mass properties, the presence of
joints thus represents the most important factor for the realistic
vibration analysis of such structures. For an extensive report on
constitutive modeling of the mechanical behavior of joints, see, for
example, the review by Gaul and Nitsche [1].
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In engineering practice, jointed structural systems are usually
analyzed by means of commercial finite element (FE) codes. The
strength of these FE codes is the static solution of FE structures with a
considerably high number of degrees of freedom (DOF), up to
several millions. Because of this huge number of DOF, the time
integration of the dynamic behavior of jointed structures so far is
economically not possible without problem-oriented restrictions,
such as in the size of the FE model (the number of DOF), the number
of time integration points, or the fact that inertia effects cannot be
considered (quasi-static instead of full dynamic simulation).

Time integration of linear elastic structures without nonlinear
joints can be effectively and consistently performed by the modal
approach; that is, by a linear combination of time-invariant Ritz-type
deformation shapes, commonly called modes. The modal approach
reduces the number of DOF of linear FE structures, so that time
integration is possible without significant loss of accuracy (within a
well-defined frequency band). A wide variety of modal reduction
methods with different characteristics and advantages have been
presented during the last decades; for example, a review of reduction
methods has been published by Noor [2]. Different component mode
synthesis (CMS) methods have been reviewed by, among others,
Craig [3,4] and Meirovitch [3]. The recently published book of Zu [6]
has given an exhaustive overview on the issue of model reduction
from its beginning in the 1960s until the turn of the millennium. A
comprehensive numerical comparison study has been performed by
Koutsovasilis and Beitelschmidt [7] for an elastic piston rod. The
latter publication includes the classical reduction methods such as
CMS as well as more recently developed methods such as the
improved reduction system method, system equivalent reduction
expansion process, or Krylov-subspace methods (see [6,7] for a
detailed reference).

Many reduction methods do preserve the nodal degrees of
freedom at interfaces. The interface is defined as the domain (or
DOF) on which external forces may act. Examples are the well
known Guyan [8] reduction, the CMS method proposed by Hurty [9],
or the famous and widely used Craig—Bampton [10] CMS. In these
formulations, each interface DOF leads to a so-called constraint
mode in the final mode base. For an accurate and local application of
contact and friction laws in a joint, the nodal DOF of a contact surface
need to be considered as an interface. This leads to an inefficient
number of modes in the cases of the huge FE models and large
interfaces that are typical for industrial applications, particularly in
aero- and astronautics.

Some approaches do not take the interface into account at all, such
as some Krylov-subspace methods (e.g., [11]). Other reduction
methods do not explicitly preserve the nodal DOF of the joint. The
physical interface DOF are then replaced by generalized DOF.
Examples are the interface modes that are a generalization of the
latter-mentioned constraint modes (see, for example, Castanier et al.
[12], Tran [13], Farhat and Geradin [14], or Balmes [15]). The
approximation of the interface deformation by a proper set of
interface modes instead of all constraint modes will lead to a
significant reduction of DOF, associated with an acceptable accuracy
of the result. However, the remaining number of interface modes
may still be considerably high and, in the case of complex interfaces,
can dominate the dimension of the entire mode base.

Some approaches in the past suggested the consideration of the
contact and friction directly in the mode base. Muravyov and Hutton
[16] suggested an extension of the CMS to systems with a nonzero
viscous damping matrix. This method leads to complex eigenvectors
and eigenvalues and can capture the locality of the phenomenon but
cannot represent its nonlinearity and an energy dissipation, which
has just a weak frequency dependency (Gaul and Nitsche [1]).
Nonlinear modes, which are suggested by Rosenberg [17], may
capture the nonlinearities, but the implication of updating the modes
and eigenvalues during simulation makes this approach impractical
for large FE models in industrial engineering practice.

To the best knowledge of the present authors, all reduction
methods in the literature have in common that mechanical-joint
characteristics are not considered for the computation of real and
time-invariant mode shapes, but are enforced at the stage of mode-

based time integration only. Itis certainly desirable, however, to have
a method at disposal that is able to consider at least Newton’s third
law across the joint interface at the stage of mode generation, before
time integration starts. Therefore, a problem-oriented extension to
existing mode bases, which we denote as joint interface modes
(JIMs), will be derived in Sec. III. Joint interface modes are
characterized by the consideration of Newton’s third law across the
joint that is already at the stage of mode generation. Using JIMs
instead of the aforementioned interface modes leads to a significant
smaller mode base that is capable of representing the dynamic
behavior of structures with nonlinear joints (see Sec. IV).

Note that modeling contact and friction is not part of the
computation of JIMs. The purpose of the JIMs is to provide as few
interface DOF as possible and as many interface DOF as necessary to
apply realistic contact and friction forces on the interfaces during the
mode-based time integration.

The work in the present paper is organized as follows:

1) Because our method is intended to also be used in connection
with flexible multibody dynamic systems, some kinematical
considerations on modally represented jointed structures in the
context of the floating-frame-of-reference formulation (FFRF) (see
Shabana [18]) are performed in the next section. In a mode-based
computation, a jointed structure can be represented either by a single
mode base of the entire structure or by two mode bases of the separate
substructures. Both approaches are equivalent in terms of accuracy,
but there is a remarkable difference with respect to the computational
effort, due to the fact that time-dependent matrices need to be updated
in the case of two separate flexible bodies.

2) In Sec. 111, the novel concept of JIMs is presented. Based on the
local continuity of forces acting on the two surfaces that are
connected by the joint, two suitable static reduction methods are
introduced to compute the JIMs as an extension to existing mode
bases. One reduction technique is based on the full equation of
motion, and the other reduction is based on a Guyan-type [8] reduced
equation of motion. The correlation of both mode bases is
subsequently demonstrated by means of a simple beam example.

3) In the last section, the accuracy of the proposed method is
demonstrated by means of numerical examples in which it is shown
that the proposed JIMs are able to reach the computational efficiency
of the modal approach and the accuracy of a full FE computation.

A preliminary version of this work has been published in [19].

II. Kinematical Considerations in the Context
of a Floating-Frame-of-Reference Formulation

There are two main possibilities to model a jointed structure in the
framework of a mode-based computation:

1) Each substructure is represented by its own flexible body and
consequently by its own mode base. The connecting elements of the
substructures, such as bolts, screws, spot welds, etc., are not part of
the mode base and need to be modeled separately.

2) The entire structure is represented as a single flexible body that
leads to a single mode base. Consequently, the connection elements
are part of the FE model and part of the mode base. The faces in
contact are congruent free faces.

Both approaches have in common that the contact forces are
applied as external forces. Both possibilities are equivalent
concerning the results, but there is a huge difference in terms of
computational effort if the modes are used as trial vectors in the
framework of a FFRF, as will be shown subsequently.

A. Model with Two Separate Flexible Substructures

Figure 1 shows two deformable bodies. Each body of Fig. 1 has a
local-body reference frame (LBRF) and its own mode base. It is
assumed that the flexible bodies are modeled by the FE method. In
the final assembly, both bodies are connected via a common
interface: the joint. The area connecting the two jointed bodies will
be subsequently denoted as the joint or joint interface. This interface
is taken to be prescribed and the relative displacements of the
involved joint surfaces are taken as small. These conditions are valid
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Space-fixed
reference frame

Domain of flexible body 1

O Domain of flexible body 2
o

Nodal joint DOF of
flexible body 1

o Nodal joint DOF of
flexible body 2

Fig. 1 Two deformable bodies with a common interface (joint).

for many technical interfaces such as bolted joints, press fits,
adhesive joints, spot-welded seams, and others.

The (3 x 1) current position vector of the LBRF of the ith body
(i =1, 2) expressed in the space-fixed reference frame (SFRF) is
denoted as ;X; g in Fig. 1. In the FE method, the flexibility of the
entire joint is modeled by nodal DOF. The nodes corresponding to
the joint are indicated in Fig. 1 by dots and the other nodal DOF of the
structure are omitted in Fig. 1. To collect all position vectors of all FE
nodes that are part of the joint, the vector ;x| is introduced. The
number of all nodal DOF of the flexible bodies 1 and 2 that belong to
the joint is ny. In the 3-D case, ny; is 3 times the number of the
involved nodes. For the sake of simplicity, it is assumed that all FE
nodes of flexible body 1 that belong to the common joint interface
have a unique counterpart that belongs to flexible body 2. Initially,
however, the position vectors of the nodes at the interface do coincide
so that

1X[) = 2X]) M

The superscript * denotes the initial state. In addition to the
unstressed initial state and when the joint is not sticking, Eq. (1) will
not hold. Furthermore, Eq. (1) requires that the dimension of ;x;; has
to be (ny;/2 x 1). Note that for the sake of clarity, the joint nodes in
Fig. 1 are not indicated as coincident, although they are.

Because this section is dedicated to kinematical investigations, the
dynamic interaction between the joint surfaces is not of particular
interest yet. One may imagine that there is a contact law acting
between | x;; and ,X;.

In many practical applications, joints do have a special orientation
(e.g., flat surfaces, cylindrical surfaces, etc.). Therefore, the motion
normal and tangential to the contact area is of special interest. A
transformation into a joint-oriented coordinate system is beneficial.
This joint coordinate system is indicated in Fig. 1 with the unity
vectors e, €1, and e,, and is moving with one of the two flexible
bodies’ local reference frame. For a plane contact, the choice of a
Cartesian coordinate system seems to be advantageous, but in the
case of other contacts (e.g., press fit with cylindrical surfaces), other
coordinate systems may be more beneficial.

The deformation of each body is described with respect to its
LBRF. The total deformation is a combination of the rigid-body
motion of the LBRF and the elastic deformation of the body’s
material points with respect to the respective LBRF. This approach is
known as FFRF; see the book by Shabana [18] for a comprehensive
representation. For the nodal DOF of the joint surface of the ith FE
model, the total deformation with respect to the space fixed origin
yields

X1y = XLBRF translation T i X1 rotation T ¢ X1J flexible @

where the symbol ;X; grE ranstaion TEPTESENLS the (ny; /2 x 1) vector of
rigid-body translation of the joint DOF of the ith FE model. The
(ny;/2 x 1) vector ;Xyj uion Characterizes the rigid-body rotation of
the joint DOF of the ith FE model. The elastic deformations of the

joint DOF of the ith FE model relative to the rigid-body motion is
represented by the (ny;/2 X 1) vector ;X pegiple-
Equation (2) can be written as

—R )T LBRF , * 7 LBRF
Xy = RixXppre +/Q7 7 X) + Q7 7P Xy poible 3)

where R is a (ny;/2 x 3) transformation matrix of the form
R =[I;; --- I,;]7, with the 3 by 3 identity matrix I5.. The
vectors [BRFx® and DBRFx . . represent the vectors xj and
Xy fiexiple €Xpressed in the LBRF instead of the SFRF. The
(ny;/2 x ny;/2) rotation matrix ,-Q is of the form ,Q = diag[iQLBRF],
where the nonzero entry ,-QLBRF represents the (3 x 3) rotation matrix
of the LBRF with respect to the SFRF of the ith FE model.

The approximation of !BRFx; . . in Eq. (3) by a linear
superposition of Ritz vectors (commonly called modes) in the form
of LBRFx = ibie = @1y, leads to

Xy = iﬁ[XLBRF + iQT;LBRFXI*J + iQTi‘i’IJ;q 4

The (ny;/2 x ng;) matrix ;®;; contains ny; modes to approximate
the elastic joint displacements of the ith FE model. The
corresponding modal coordinates are collected in the (ng; % 1)
vector ;q. For the application of contact laws, it may be useful to
compute the relative displacement of the two joint surfaces with
respect to the joint coordinate system that was introduced previously.
The (n;;/2 x 1) vectors AUx;; and Axy; of relative displacements
can be computed as

AVxyy = {'xy — Fxyy, Axpp = Xy — Xy ()
where the coordinates are expressed in the joint coordinate system
(AVxy) or in SFRF (Axy). Considering Eq. (4) and the
transformation of the relative joint displacement from the SFRF
into the joint coordinate system that is attached to LBRF 1 leads to

Ax; = ,Qy QAxy = ,Qyy, Qf Xy — Xy}

1XLBRF
= [1011 1@ 1ﬁ 1@11 IQIJ 1‘i’IJ] PREx
14
-[,Qy QR ,Q;,Q,Q" Q;,Q,Q",9,]
2XLBRF
x q LBRExx (6)
24

where the (np/2 x ny/2) time-invariant rotation matrix ;Qyy
transforms a vector from the LBRF coordinates of the first body into
the special joint coordinate system. Note that the choice of a joint
fixed coordinate system, which is attached to body 1, is arbitrary.
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For common contact models, the tangential velocities between the
contact surfaces are needed as well. The derivation of Eq. (6) with
respect to time is straightforward from a mathematical point of view,
but leads to a remarkable computational effort due to the fact that
several time-dependent matrices and vectors have to be updated and
multiplied with each other.

B. Model with a Single Flexible Body

Figure 2 shows a single deformable body containing a joint
interface. It is again assumed that the deformable body is modeled by
using the FE method. The dots in Fig. 2 indicate the nodes of the FE
model along the joint, and the other nodal DOF of the structure are
omitted. The FE model has a LBRF. The area of the reference contact
is known and time-invariant. The entire structure has 6 rigid-body
modes in space. Consequently, all parts of the FE model have to be
connected with FE modeling elements such as beams, which are
indicted by a dashed line in Fig. 2. The two contact surfaces are free
and congruent faces of the FE model.

A similar notation to that in the preceding section is used. Note the
change in the meaning of the subscript i/, which now denotes the
attachment to the joint surface number 7 of the same flexible body.
For example, the (ny;/2 x 1) vectors ;x;; and ,X;, represented the
joint DOF belonging to flexible body 1 and flexible body 2,
respectively, in Sec. IL.A. In the present section, the corresponding
symbols are denoted as xyj; and X;j,. Unlike before, when each vector
belonged to its own FE structure, Xy;; and Xy5, belong to the same FE
structure. The vector xyj; represents the DOF of one contact surface
and vector Xpj, represents the other surface. In contrast to Sec. IL.A,
however, it is a problem of self-contact instead of contact.

For the sake of simplicity it is again assumed that all FE nodes of
surface 1 have a unique coincident counterpart in the initial state,
which belongs to surface 2:

X1 =X 0

Asin Sec. IILA, the superscript * denotes the initial state. Despite the
unstressed initial state, when the joint is not sticking, Eq. (7) will not
hold.

For the joint interface, the total deformation with respect to the
space fixed origin yields

X 13; = XLBRE translation T X1Ji.rotation T X1Ji flexible ®)

where the symbols can be interpreted according to Eq. (2), except that
the subscript i now represents the contact surface i instead of FE-
model number i. The transformations from the LBRF of the flexible
body into the SFRF give

_R T LBRF, * 7 LBRF
X5 = RXygrp + Q X +Q X5 flexible ®

where the symbols are defined according to Eq. (3).
The elastic deformations "BRFx ;. o . “are approximated using the

modal approach in the form of “BRFx ;o .. = @y;q. Note that in
engineering practice, ®y;; and ®y;, will be submatrices of a single

Space-fixed
reference frame

mode matrix ® defined for the entire FE structure. In both Secs. ILA
and IL.B, the mode base is not continuous across the joint, such that
no potential error with respect to a slope discontinuity across the
interface is introduced. Adapting the considerations of Eq. (5) to the
problem of a single FE model for the relative joint displacement
yields

XLBRF
Axy =Xy — X = [ﬁ Q ()Ti’m ] LBRFX?H
q
XLBRF
—-[R Q" Q& ]| i (10)
q

The rotation matrices due to the rigid-body motion can be eliminated
in Eq. (10) be using Eq. (7). Transforming the result into a joint
coordinate system leads to the simple expression

AVxy; = QIJQAXIJ = Qu(‘i’m - ‘i’uz)q = U‘i’Auq (11)

where " ® ap is the (ny/2 x ng) matrix of modes of relative
displacement of joint surfaces 1 and 2 with respect to the joint
coordinate system. The rotation matrix Qy; transforms a vector from
LBRF into the joint coordinate system. Note that "o Ap 1S time-
invariant and needs to be computed just once, at the beginning of a
simulation.

The relative velocities can be easily computed by

A”XIJ = IJ&’AIJQ (12)

where the dot denotes the first derivative with respect to the time.

C. Summary

Comparing Egs. (6) and (11) leads to the conclusion that a flexible
structure represented in FFRF, which consists of two jointed
substructures, in principle, should be modeled as one single flexible
body. This leads to a significant savings of computational effort and
will be applied subsequently.

The next section deals with the question of how the mode base of
the single body can be properly selected to prescribe the relative
displacements occurring in the joint interface.

III. Joint Interface Modes

A. Problem Formulation

Figure 3 shows a flexible body modeled by the FE method that
contains a joint interface. A finite element model with n nodal
degrees of freedom is considered. The total structure consists of two
jointed substructures. The vector x represents the n DOF of the whole
structure. External forces, which are represented by the (n x 1)
vector f, are acting on the structure exclusively via the nodes B.

O Domain of flexible body

o Nodal joint DOF of flexible
body

Elements (e.g., beams) of the
v\ flexible body in order to
\ connect all parts to an
‘' assembly with 6 rigid-body
DOF in space

Fig. 2 One deformable body with an integrated interface (joint).
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oB
o1
1J2

Fig. 3 FE model with a joint.

The nodal DOF of B are collected in the vector x5, which is of the
dimension (ng x 1), and are indicated in Fig. 3 by white dots. The
nonlinear contact forces, which are represented by the (n x 1) vector
fi0int» act on the nodal DOF of the joint, which are collected in the
(ny; x 1) vector xyj, and are indicated in Fig. 3 by gray dots. Note that
1J represents an internal joint interface and not a support. The joint
interface in which the contact forces will act during the mode-based
simulation consists at the stage of the generation of the mode base of
two congruent surfaces. It is moreover assumed that the joint
undergoes just small deformations and small relative displacements.
In practice, this is a restriction that is suitable for a large class of
joints, such as bolted joints, riveted joints, glued joints, spot-welded
seams, and many more.

According to Fig. 3, it is possible to subdivide 1J into the DOF of
the involved faces 1J1 and 1J2. For simplicity, it is assumed that 1J1
and 1J2 do have coincident nodes at the initial state. This is not a
limitation to the generality of the proposed algorithm. According to
the preceding scheme, the vector x;y can be subdivided into xyy; and
Xy, Which are both of the dimension (nj;/2 x 1). The remaining
inner DOF are represented by the (n;; X 1) vector x,;; and are
indicated by the black dots in Fig. 3. According to the preceding
scheme, the vector of DOF can be written as

XB
X
k=] xy b= (13)
N Y R
X XN\
and the vectors of forces take the form
f 0
f = 0 and fj()im = f” (14)
0 0

In the following, we restrict ourselves to the case of no rigid-body
motions being superimposed upon the single flexible body. The
reason is that a consideration of small deformations in the
aforementioned FFRF for multibody dynamic systems nowadays is
standard and can be performed by commercial codes. What is
necessary is to have a suitable and efficient mode basis at hand; again,
see the book by Shabana [18] for questions concerning multibody
dynamic systems. It is therefore sufficient to study the efficiency of a
mode basis using vibrations about equilibrium positions only.
The equation of motion can then be expressed as

MB.B Mg.u MB,I\IJ Xp
Mu,u Mu./\u Xy
Ssym 1\7[1\11,1\11 il\U
KB.B I~(13,11 I~(13,1\11 XB
+ Ky I~(u,/\u Xy o =F+ figin (15)
Sym KI\IJ,I\IJ Xnu

where the (n x n) symmetric mass matrix M and the (n xn)

symmetric stiffness matrix K are subdivided according to the
definition of DOF previously given.

B. Modal Reduction

Modal reduction methods have in common that a set of vectors
(commonly called modes) are used to approximate the physical
displacements of the structure in the form of

x =~ &q (16)

(¢

The time-invariant (n X ng) modal transformation matrix @
considers ng modes and can be written as o= (@) @2 03 -+ @n ]
The (ng x 1) vector q represents the generalized coordinates.
Substituting Eq. (16) into Eq. (15), together with the principle of
virtual work (which requires that for an arbitrary virtual displacement
0X =~ <i>8q, the virtual work §x7{M % +Kx — f — fioinc) vanishes)
gives

M transd + IN(lramsq = ftrans + fjnint—trans (17)

M trans — (I)TM @ Klrans = <I)TK o ftrans = q)Tf fjoint—trans = <I)Tfjoint
The dimension of the transformed system (17) is ng. The reduction of
the system is obtained by using a suitable set of modes having a
dimension ny, of the transformed system (17), which is much smaller
than the dimension n of the original system (15) (ng < n), but
producing a sufficiently low error.

The modal reduction methods known from the literature lead to a
satisfying balance between accuracy and computational effort of the
system (15) if f;;, is zero and the value of ny is not too large, because
each DOF of x leads to a corresponding mode (and therefore DOF)
in the transformed system (17). As an example, the Craig—Bampton
mode base is mentioned, in which each entry in x; leads to a so-
called constraint mode [10]. If the contact force f;;, is treated in the
same way as f, the classical reduction methods will lose their
efficiency because, in general, f;;, is a distributed force and the
number of DOF ny; is therefore large.

The key goal of the present work is an extension of existing mode
bases to overcome the mentioned efficiency problem. This JIMS
extension takes an important mechanical property of joints explicitly
into account: namely, that Newton’s third law should be satisfied
across the interface. Consequently, the proposed modal trans-
formation is written as

X o~ i)q — [&)clabsical &,JIM ]q (18)
where the (n X n-) matrix @
that is suitable for system (L5) if £, is zero. Usually, results
from a preliminary FE computation, assuming that there is no
interface to present. The (n x nyp,) matrix @ v gathers the proposed
JIMs. The total number of regarded modes ng is ng = nc + Ny
Before the computation of JIMs is discussed in Secs. IIL.D and IILE,
the following fundamental property of joints is reviewed.

represents any known mode base
&)classical

C. Equivalence of Forces Acting upon the Two Surfaces of a Joint

Figure 4 outlines a joint connecting surfaces 1 and 2; the forces
tyi(x,,) and tyyy ) act on these two surfaces. For acommon interface
point in space, X,; = X4, = X3, the principle of action equal to
reaction requires tix) = —tin) (see, for example, Laursen [20]).
This will be also be subsequently denoted as the principle of
equivalence. Because the principle action equal to reaction dates
back to Sir Isaac Newton, we also talk about Newton’s third law.

In the framework of an FE model, the latter principle of
equivalence requires that the vector of joint forces in the equation of
motion (15) has to be of the form

ijoim = [OT fITJl _fITJl OT] (19)

Note that the scope of application of the proposed JIMs is to assure, at
least to a certain extent, the validity of Eq. (19). This is because the
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/s /7 S S S/
Joint surface 1 (1J1

. Joint surface 1 (1J1)
= 3

1J1(%3)
\Jomt surface 2 (IJ2) ; \ e |J2(XA %Joint surface 2 (42)

Fig. 4 Local equivalence of forces along the joint surfaces.

particular form of fj;,, will subsequently be explicitly taken into
account at the stage of JIM generation.

D. Direct Computation of JIMs

Applying the latter principle of equivalence to the equation of
motion (15), subdividing xj; into Xp;; and Xj;,, and neglecting the
inertia terms leads to

KB,B f(B.m IN(B,IJZ KB,I\IJ Xp
f(m.m I~(111,112 I~(111,1\11 X1
Kuzuz KIJZ,I\IJ X2
Sym KI\IJ,I\IJ Xnu
fz 0
0L e (20)
0 —f
0 0

Note that the desired JIMs are defined as an extension to a mode base
that is already suitable to approximate all possible motions of xp.
Consequently, the DOF of x ; need not to be considered any more and
will be constrained to zero in the further considerations, for the sake
of brevity. The last row of Eq. (20) now enables expressing x,,;y as a
function of xyj; and X,:

Xn = _[KI\IJ,I\IJ]_I + {KI\IJ.IJIXIJI + I~(1\11,112"112}’ (21)

Setting the second row of Eq. (20) to be equivalent to the negative of
the third row (principle of equivalence) and substituting X, ;; by
Eq. (21) leads to

Xy = Ky + Koy — Ky + Kyannl

X [f(l\IJ,I\IJ]_I KI\IJ‘IJI]_] [[KIJI.I\IJ + KIJZ,I\IJ]

X [KI\IJ,I\IJ]ilKI\IJ,IJZ — Ky — KipmlXm = 4Gxpn - (22)
For the sake of clarity, all matrices of this section are marked with a
hash sign to distinguish them from those of Sec. IIL.E. Note that the
(ny;/2 x nyy/2) matrix 4G gives the effect of x;;, upon xyj;, taking
into account the principle of equivalence in a quasi-static
approximation. Setting

Xg (~)~
Xy +G ~

- e X = 4HX
X1 i ) i ) i 2 = #H1Xqp
Xnu —[KI\IJ,I\IJ]_1 [KI\IJ‘IJI#G + KI\IJ,IJZ]

(23)

the equation of motion (15) can be reduced into a system of
dimension ny;/2 as

sMieq X1 + 1 Keea X = #fred,IJZ 24
where
K =, H'K,H
#8eq 2 = # #
T 7T
—f 0 ]

#Mred.IJZ = #ﬁTM#ﬁ

— [\l ¢T T
#fred,IJZ =4H [fB i

The eigenvalue problem of the reduced equation of motion (24)
gives the JIMs for X5, and can be written as

(#Kred,IJZ - (#S‘i IM)z#Mred,IJZ); q){}g/l = 6 (25)

where ;2™ is the (ny;/2 % ny;/2) diagonal matrix of eigenvalues,
and Xéﬁg/l is the (ny;/2 x ny;/2) matrix of joint interface modes for
the joint surface IJ2. Note that Eq. (25) has ny;/2 solutions, but it is to
be expected that a truncated set of eigenvectors #6{}24 of the
dimension (ny/2 X nyy) will deliver excellent results (nyp <
ny;/2).

Finally, the JIMs need to be statically extended from the joint
surface Xy, to the entire structure. This leads to

= JIM
+ P
= JIM o S A 0IM
_ | #®Pm | _
@ = '™ =4H,®;
g
P
0
SO ZIIM
#Gg‘};ﬁz
= # P2 (26)

-1
o > ~ o = JIM
_|:KI\IJ.I\IJi| |:KI\IJ.IJ1#G + KI\IJ,IJ2i|#<I)IJZ

which is the matrix of JIMs introduced in Eq (18). Note that the
column number i of the (n X ny;) matrix #<I> represents the exact
static response of the entire structure, due to the imposed
deformations x; = 0, xj;; = #G{#Q)IIM}, and Xy, = {,@I1};, where
{4001}, is the column number i of #<I>m . Note furthermore that the
quasi-static relation (20) has been used only to approximate X;;; by

Xy, but that the full inertia matrix M has been considered from
Eq. (24) and onward.

E. Computation of JIMs Based on Statically Reduced Matrices

An alternative method for the computation of JIMs starts with the
static reduction of the mass and stiffness matrices of system (15) to
xy;. Following the method of Guyan [8], the reduced stiffness matrix
K} takes the form

.
10 = (Kyyy — Ky oK oK) 27
and the reduced mass matrix Mi% can be written as

1? = MIJ U MIJ,I\IJKZ\IIJ,I\IJKI\IJ,IJ
— ~ ~ nd 71 nd
- (KI\IJ.I\IJKI\IJ.U)T(MI\IJ,IJ - MI\lJ,I\IJKI\lJ,I\lJKI\IJ,IJ) (28)

For the Guyan reduction, the DOF of x; are set to 0, and it is assumed
that restraining Xz does not permit any rigid-body motion of the
structure. Refer to Eq. (20) for a more detailed explanation of the
latter assumption. Solving an eigenvalue problem using the matrices
K¢ and M5 leads to modes that are referred to in the literature as
interface modes (IMs) (see Tran [13]). IMs represent a suitable
approximation of the deformation in a joint as well. A comparison of
the proposed JIMs with the IMs is performed in Sec. IV.A. For the
sake of comparison, the computation of the IMs is briefly reviewed in
Sec. IILH. Recall here that for the generation of the IMs the principle
of equivalence is not taken into account.

Applying the principle of equivalence (refer to Sec. IIL.C) to the
statically reduced system leads to

[[me].l [M]} { Xy, }
sym [Mred,IJ]ZZ X
+ |:[Kred,IJ]ll [I?redll]lz i| { X1 } _ { fIJl } (29)
sym Kreanh: | | X —fi
where the matrices K% and M are subdivided accordingly. If the

inertia forces are omitted, Eq. (29) yields an approximation to
express Xy;; as a function of x;j,:
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Xy = _[[Kred,IJ]ll + [Kred.IJ]Zl]_l[[Kred.ﬂ]n + [f(red,IJ]lz]XIJz
=Gxyp (30)

As in the preceding section, a (ny;/2 x ny;/2) matrix G is obtained
that gives the effect of x5, upon Xy, taking into account the principle
of equivalence in the joint. With the transformation rule

X1 é ]
=% |xp =Hx 31
{XIJZ} [ i :| 2 m2 (3D

the already reduced equation of motion (29) can be reduced again and
takes the form

M rea2Xi2 + Kieg o X2 = fred,IJz (32)

where

- ~r -
Mred,IJZ =H Mred,IJH

s
Kred,IJz =H Kred,IJZH

~ fIJ]
fred,IJZ = HT{ }
_fIJl

The JIMs are obtained from the solution of the eigenproblem with the

doubly reduced (ny;/2 x nyy/2) matrices M,edm and I~(re¢m, which
can be written as

(f(red,ln - (QJIM)ZMred,IJz)*&’gg[ = 6 (33)

where @™ is the (ny;/2 x nyy/2) diagonal matrix of eigenvalues and
*&ﬁ}lf is the (ny;/2 x ny;/2) matrix of JIMs for the joint surface 1J2.
Equation (33) has ny;/2 solutions, but it is to be expected that a
truncated set of eigenvectors &f}lzvl of the dimension (ny;/2 X nypy)
will deliver satisfying results (ny; < ny;/2). As in the section
before, itis necessary to extend the JIMs of Xjj, to the entire structure.
The (n X nyp,) matrix "™ of JIMs considering all DOF of the
system takes the form

o, -9 M
G | B P
o' = &)Hll\/l = Dy, . (34)
R G
Qil\]}/} —KnunoKnun HIM
2

As in the preceding section, the column number i of o™ represents
the exact static response of the entire structur, e due to the imposed

Fig. 5 Simple jointed beam structure with solid and wire-frame
representation.

deformations x; = 0, xy; = G{@!M}, and x;;, = G{e}1},. The
vector {@y;3'}; is the JIM corresponding to the column number i of the
matrix <I>f}12v[

F. Investigation of the Correlation of the JIMs Computed by the
Preceding Methods

The modal assurance criterion (MAC) is a widely used method to
compare two sets of modes. For details concerning the MAC, refer to
Allemang and Brown [21]. Using the MAC for a comparison of the
directly computed JIMs of Eq. (26) with the JIMs computed via
reduced mass and stiffness matrices according to Eq. (34) leads to

vac( it} ot} )
(b))

()

where MAC({{,d™},. {{o{]"'},) is the scalar MAC value for the
(ny; x 1) vector {,@IM}, corresponding to the column number i of
O and the (ny; x 1) vector {gj;"'}; corresponding to the column
number i of Q%}M. The MAC value is bounded between 0 and 1. A
MAC value of 1 identifies two highly correlated (or parallel) modes,
and a MAC value of 0 corresponds to completely uncorrelated (or
orthogonal) modes.

This comparison was performed for the structure indicated in
Fig. 5. The jointed structure shown there is fixed at both ends. A thick
line indicates the contact area for which the JIMs are computed. Both
substructures are connected via a massless beam. The bore hole is
neglected.

Table 1 shows the deformation shapes of the first 3 modes of #if}M
and &>{}M The modes are sorted with respect to increasing

Table 1 The first 3 modes of ,AiﬁM and &{}M

Mode i o™i

{oi}:

Y
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eigenvalues according to the eigenvalue problems in Eqgs. (25) and
33).

The MAC values of all possible comparisons can be collected in a
matrix. The matrix entries i and j represent the MAC value of
{401™}; and {p{M} . It is obvious that this matrix is symmetric. For
the considered example, the MAC matrix is almost an identity
matrix. The minimum value of the main diagonal is 0.96. The
maximum value of all secondary diagonal entries is 0.13, and the
corresponding mean value is 0.002. This indicates that the modes
computed by #6{}1\4 and &)f}M are highly correlated (or parallel). This
had to be expected, due to the fact that the Guyan reduction is exact in
terms of static considerations. The source of the slight difference is
the mass matrix used for eigenvalue problems (25) and (33). The
mass matrix in eigenvalue problem (33) is a doubly reduced mass
matrix, in contrast to the mass matrix in eigenvalue problem (25),
which is reduced just once.

Concerning computational efficiency, it can be said that the
eigenvalue problems (25) and (33) have the same dimension and
complexity. The extension of the JIMs to the entire structure
according to Eqs. (26) and (34) is again of the same dimension and
complexity. The difference between the two approaches is a practical
one and comes into the play when the (n;;/2 x ny;/2) matrices G or
+G are to be computed. The computation of 4G requires the inverse of
the matrix K\jy p\iy, Which can be a huge matrix (e.g., up to 107 rows
and columns for industrial applications). An efficient computation of
+G in terms of computational time and storage requires optimized
software that takes into account the sparse character of the matrix
K iy npy- The matrix G, in contrast, is based on (ny; X nyy) matrices
that are gained by a Guyan [8] reduction of the entire structure to the
DOF of xy;. The latter Guyan reduction is a typical standard feature of
commercially available FE software packages.

Note that the numerical examples that are presented in Sec. IV are
performed by using JIMs based on statically reduced mass and
stiffness matrices.

G. Some Brief Remarks on Substructuring

Both introduced methods for the computations of the JIMs are
based on the assumption that both contact partners are represented by
a single mode base. This is a consequence of the considerations that
have been performed in Sec. II. If the jointed structures are not
considered in the context of the FFRF or in terms of conventional
substructuring, then both substructures are usually represented
separately by their own mode base. The idea of the proposed JIMs
will then hold, even if slight adaptations of the procedure have to be
performed. If the vectors of joint DOF xj;; and xjj, in Eq. (29) are
considered as DOF from separate substructures, the coupling
matrices [Kred,ll] » and [K,qyly are consequently zero. The
procedure to compute the JIMs can be applied analogously for each
substructure. Note that in contrast to conventional substructuring
techniques, both involved substructures need to be known for the
computation of each mode base.

H. Short Review of Interface Modes

Following Tran [13], the eigenvalue problem for computing the
IMs is based on the matrices Kj;* and M;" of Egs. (27) and (28) and
can be written as

(K5 — (@™)’M) @) =0 (36)

where @™ is the (ny; x nyy) diagonal matrix of eigenvalues, and
*&){}w is the (nj x ny) matrix of IMs for all joint DOF xy;.
Equation (36) has nj; solutions, but a truncated set of eigenvectors
@{?ﬂ of the dimension (nj x np,) will deliver satistfying results
(np < nyy). The quasi-static extension of the considered modes for
Xpy to the entire structure takes the form

~ ~ - - - ~ T
o™= [OT [‘I’%IJVI]T [_KI\IIJ.I\IJKI\IJ.IJq)g\d]r] (37

where @™ isa (n x np,;) matrix. If IMs instead of JIMs are used, the
modal transformation takes the form

X o (i)q — [&)classical i)IM ]q (38)

It is to be expected that the presented modes represented by o™
converge faster to an accurate solution than those provided by o™,
because in the present new formulation, we have explicitly taken into
account the principle of action equal to reaction (or Newton’s third
law) in the joint. A numerical confirmation of this assumption will be
given next.

IV. Numerical Examples

In this section, static and dynamic examples are presented to
outline the benefits and the potential of the proposed JIMs approach.
The FE computations have been performed with the commercially
available code MSC.NASTRAN [22]; for the mode-based
computations, the commercially available software package
MSC.ADAMS [23] has been used. The computation of the JIMs
based on Guyan-type reduced matrices has been performed with the
freely available software Scilab [24]. For the subsequent examples,
the CPU time for the computation of the JIMs was in the range of
several minutes. However, for industrial applications, the entire CPU
time of the proposed procedure is dominated by the Guyan [§]
reduction, which is known to be very expensive for huge structures
and large interfaces. In future work, possibilities for decreasing this
CPU time will be discussed.

Because of the choice of the software packages, it is advantageous
to use the Craig-Bampton [10] mode base, which is extended by
JIMs and IMs in the following examples. Consequently, from now
on, the general matrix ¢l i denoted as @B M8 such that the
transformation rule (18) takes the more specific form

X =~ j,q — [i)CB-CMS '™ ]q or
X o <i>q — [i)CB—CMS M ]q

For the sake of brevity, a nonlinear penalty-contact (soft-contact)
model has been implemented for the numerical investigations
presented subsequently as a simple constitutive model of the
interface. Note that the focus of our contribution is on the capability
of the JIMs to approximate the joint state and not on the contact
model itself. The joint area is modeled with two free congruent FE
surfaces and with FE node pairs, which are coincident in the
reference position. Moreover, it is assumed that the relative
displacements of the involved contact surfaces are small. For the FE
node pair number j that belongs to the joint, the normal and
tangential contact forces are given as

Ianormal — 0 A”X.?mmal z 0
J - knormal AIJXI}ormal AIJX?ormal <0
0 AUxnormal > ()
Uftangcmial _ . . j -
J T ] Ktangential ALJ X;angennal + dAIJ"(;ange"“ﬂ' AU Xjnormal <0
(39)

where U'f ; represents the contact force acting on FE node pair number
Jj expressed in joint fixed coordinates. The symbols A”x; and AVX;
denote the relative displacements and velocities of FE node pair
number j with respect to joint fixed coordinates. If AUxj™! s
negative, the contact is closed; otherwise, the contact surfaces are
gapping. The penalty stiffness in the normal and tangential directions
of the contact surfaces are k"™ and kel respectively. For the
dynamic analysis, a viscous damping is taken into account that is
characterized by the damping coefficient d. The collection of all
forces that act on the ny;/2 FE node pairs of the joint gives the force
vector in Eqgs. (20) and (29) with respect to a joint fixed coordinate
system.
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Fig. 6 Front, top, and 3-D views of a double-sided clamped cantilever
beam with a preloaded bolt.

Fig. 7 Detail of the bolt (cut along the structure’s midplane).

Note that other, more complex, contact and friction models (such
as Coulomb friction) could be implemented as well. The JIM mode
base itself is independent of the selected contact model.

A. Simple Joint: Static Example

A static simulation of a double-sided clamped beam, which is
indicated in Fig. 6, was performed. The FE model consists of two
identical substructures that are connected via a bolt, represented by a
massless beam. The bolt is indicated by a dotted line in Fig. 6. The
bore hole is neglected. Note that the bolt itself is part of the FE model
and it is connected via a constraint to the nodes on the corresponding
solid surface, as indicated in Fig. 7. This is a common FE modeling
approach when the contact between the bolt nut and the structure is
neglected. Each substructure has a length of 100 mm and a cross
section of 20 by 20 mm. The contact surface, which is indicated by a
dashed line in Fig. 6, is of the dimension 40 by 20 mm. The DOF of
these FE nodes correspond to xy;. For the support, two interface
nodes in the middle of arigid plane are determined: one at each end of
the whole structure. Note that these DOF are represented by the
vector X. The material parameters have been chosen according to
iron.

WITTEVEEN AND IRSCHIK

For the classical Craig—-Bampton mode base R )

constraint modes due to X are considered, together with 10 fixed-
boundary normal modes and one load vector caused by the bolt load.
For more details on the latter-mentioned modes, refer to [3,4]. To
compare the convergence rate, the classical Craig—Bampton mode
base B M is extended by interface modes ®™ and the proposed
joint interface modes o™,

First, an i-convergence study has been performed to ensure a valid
element size. The final FE model has 534,516 DOF using linear solid
elements of the MSC.NASTRAN code. The modes have been
computed with MSC.NASTRAN and have been imported into the
multibody system (MBS) code MSC.ADAMS, in which the mode-
based computations has been performed. In the MBS, both interface
nodes have been fixed with respect to ground. The bolt was preloaded
with 18 kN, which is indicated in Fig. 6 by two arrows. A penalty-
contact model according to Eq. (39) has been used. The normal and
tangential contact stiffnesses have been set to 10° and 10* N/mm,
respectively. As a reference solution, a nonlinear FE computation
with all nodal DOF and the same contact model was performed using
the MSC.NASTRAN solver.

A quantity for the error between the reference solution (left
superscript r) and the mode-based computation (left superscript m) is

given by
m O'VM
@, = (7” e I, _ 1) 100 (40)
"oy p
where || ||, indicates the p-norm of the vector o)™, which denotes the

von Mises stress at the FE nodes corresponding to the vector xy;. The
stresses are interpolated from the FE element Gauss point to the FE
nodes by the FE code MSC.NASTRAN.

In a series of computations, the relative errors of the Manhattan
norm (p = 1), the Euclidian norm (p = 2), and the maximum norm
(p = o0) are evaluated. A summary of the computations done with
IMs and JIMs can be seen in Figs. 8—10, which lead to the following
conclusions:

1) Both mode bases converge with increasing the number of
modes to the reference solution.

2) Even for this simple joint geometry, the JIMs o™ converge
much faster than the interface modes ®™. In the case of the
considered example, just 25 additional joint interface modes deliver
stresses with acceptable accuracy. To obtain a comparable result with
interface modes, at least 4 times as many modes are necessary.

3) An insufficient number of "™ and @™ or neglecting them
entirely will lead to inaccurate results.

A practical consequence of the faster convergence of JIMs with
respect to IMs is a reduced number of DOF and consequently a
reduced computational effort for results with the same accuracy.

B. Complex Joint: Dynamic Example

In a next step, a dynamic example with a more complex joint
geometry is considered. The FE model shown in Fig. 11 represents a
steel box that consists of a body and a cap. The outer dimension of the
body is 82.5 x 82.5 x 100 mm with a wall thickness of 17.5 mm.
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0 : —
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60 70 80 90 100
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Fig. 8 Relative error (%) o, of the Manhattan norm (p = 1) of the von Mises stress vector across the joint.
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Fig. 13 Time characteristic of excitation.
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Fig. 14 Displacement magnitude of node 85188.

The dimension of the cap is 82.5 x 82.5 x 17.5 mm. The cap is
mounted on the body by 12 screws. The screws are modeled as
massless beams with a diameter of 10 mm. The bolts are attached to
the underlying solid structure in a manner similar to that indicated in
Sec. IV.A. The bores are neglected. On the bottom of the body, 4
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Fig. 15 Deflection magnitude of node 85158 computed with ABAQUS Explicit and MSC.ADAMS using 30 JIMs.

nodes for the mounting and excitation are modeled. These nodes are
called interface nodes and the corresponding DOF are represented by
the vector X in Sec. IILA.

An h-convergence analysis was performed to ensure that proper-
sized linear solid elements are used. It turned out that a global FE
element edge length of 2.5 mm delivers results of satisfying
accuracy. For the CMS, 100 fixed-boundary normal modes are
considered. This spans a frequency range up to approximately
50,000 Hz.

In the mode-based multibody simulation in MSC.ADAMS, three
interface nodes are mounted with linear springs in the x, y, and z
directions to ground. The bolts are preloaded with 20 kN, and the
remaining interface point is excited by an imposed deformation. The
load is represented by a series of deflection impulses, with one period
having a frequency of 5000 Hz. The time characteristic of the load
can be seen in Fig. 13. The joint is modeled according to Eq. (39),
with 10 N/mm normal stiffness, 10* N/mm tangential stiffness,
and a tangential damping coefficient of 1 Ns/mm.

During the multibody simulation, no global modal damping is
considered. The integration has been performed with the Hilber—
Hughes—Taylor integrator of MSC.ADAMS (Negrut et al. [25]),
using a step size of 1.0e — 7. The simulation endured 0.001 s and was
performed with a maximum local error of 1.0e — 7. Several tests
have been performed to ensure that the step size and error are small
enough to obtain a converged solution.

Table 2 shows the converged magnified deformation in the area of
the joint at two arbitrary time steps. The figures indicate that several
modes are necessary to approximate the deformation state, which
was the intention of the considered example. The joint is partially
gapping, which leads to nonlinearities in the system.

The displacement magnitudes of three different FE nodes with
respect to the initial position have been evaluated. The selected nodes
have the labels 10107, 85158, and 18909 and are indicated in Fig. 12.
Because of the fact that the results of all three nodes have the same
characteristics, just the result of node 85158 will be presented here.
Figure 14 contains the displacement magnitude of node 85158 for a

Table 2 Screen shot of the magnified deformation in the joint
area at two arbitrary time steps
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computation with no additional JIM, a computation with 30
additional JIMs, and a computation with 250 additional JIMs, which
is considered as the reference computation. It can be seen that just 30
additional JIMs will increase the quality of the result significantly,
even though the Craig-Bampton mode base already has a
considerable dimension.

The conclusions drawn from Fig. 14 are as follows:

1) An insufficient number of JIMs or neglecting them entirely will
lead to remarkable errors.

2) The solution converges with an increasing number of JIMs.

3) Just 30 additional JIMs are necessary to obtain a solution with a
negligible error.

Because the superior convergence of the JIMs with respect to the
IMs has been demonstrated in the preceding section, an additional
comparison of JIMs and IMs has not been performed.

The state-of-the-art alternative to using JIMs would be the use of a
direct nonlinear FE solver. Such a comparison has been performed
with the explicit solver of ABAQUS [26]. For the sake of
comparison, the tangential contact forces have been set to zero. For
the mode base simulations with MSC.ADAMS, 30 JIMs have been
considered. The deflection magnitude of node 85158 can be seen in
Fig. 15.

Two remarks can be made concerning the differences: First, it
should be considered that ABAQUS Explicit is an explicit
formulation. Second, it is worth mentioning that ABAQUS Explicit
supports a penalty contact that is slightly different from that
introduced in Eq. (39). The benefit of the JIM formulation can be seen
by considering the simulation time, which was 645 s in the case of the
ABAQUS simulation and 61 s in the case of the mode-based
simulation with MSC.ADAMS using JIMs.

V. Conclusions

The proposed joint interface modes represent an effective
extension of existing mode bases for the time integration of huge and
complex FE structures that contain joints. Joint interface modes
provide the ability to do an effective mode-based time integration of
jointed structures with an accuracy that was, up to now, subject to
direct, node-based, and thus necessarily very costly FE
computations. In the presented numerical examples, a fast
convergence has been observed when using the proposed joint
interface modes.
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